506
A. SEIDENBERG and consider
O[X]/P 2 = δ[χ],
where x is the residue of x and 0 2ί 0/p. Since O [χ] . P c P χ c P 2 ,
x is algebraic over the integral domain 0. Let P 3 be the image of P 3 then P 3 Φ-(0); but also P 3 n 0 £ (0). In fact, let yCP 3 for some Cj C 0, c Λ £ 0; and c w C P 3 n 0. Hence also P 3 n 0 / p, COROLLARY. IfOis 1-dimensional, and P 1? P 2 , P 3 are distinct prime ideals
inθ [x] different from (0) wiίA P t C P 2 C P 3 , ίAezi P t n 0 = (0), P 2 is ίAe e^;-tension of its contraction to 0, and P 3 is maximal.
Proof. If ?! n 0 ^ (0), then P 1? P 2 , P 3 would all have to contract to the same maximal ideal in 0. So ? t n 0 = (0) and ? 2 n 0 = p / (0). Proof. Let
be a proper chain of prime ideals inO. Then 
p, we come back to a previous case, and the proof is complete.
COROLLARY. If 0 is an F-ring, then so is some quotient ring of 0.
The foregoing theorem shows that if for some n there exists a ring 0 which is zz-dimensional, while 0[xl is not (n + 1)-dimensional, then there exist /-rings. Thus we may provisionally confine our attention to 1-dimensiona] rings 0.
THEOREM 4. ifO is l-dimensional, and 0 is a valuation ring, then 0[x] is 2-dimensionaL
Proof. Let p be a proper prime ideal of 0, and let
where P is prime. Let
Then one can factor out from fix) a coefficient of least value, that is, write
where c C p, and g{x) has at least one coefficient equal to 1; in particular,
This proves thatθ[%] is 2-dimensional (see Corollary to Theorem 1).
Theorem 4 restricts the size of an F-ring, since a maximal ring is a valuation ring. The following theorem reduces the considerations to integrally closed rings.
THEOREM 5. Let 0 be the integral closure of the integral domain 0. Then 0 is an F-ring if and only if 0 is an F-ring.
Proof. Let R be an integral domain integrally dependent on 0; a basic theoem of Krull Thus if there exist /'-rings, then there exist integrally closed F-rings, and, taking an appropriate quotient ring, we see that there would exist an integrally closed ^-ring 0 having just one proper prime ideal. In view of Theorem 4 (and the close association of integrally closed rings with valuation rings) one may ask whether an integrally closed ring with only one proper prime ideal is necessarily a valuation ring. Were it so, there would be no F-rings, but it is not so: Krull has an example [6; p.67ϋf].I"or convenience, we may mention the example: let K be an algebraically closed field, x and y indeterminates; 0 consists of the rational functions r(x,y ) which, when written in lowest terms, have denominators not divisible by %, and which are such that r(0, y) G K. 
O[x]
p is prime but not maximal. Let, then, [3, §39, p. 108] ). Neither proof makes use of the full force of the quoted theorems, so it might be of some interest to find a direct proof using less technical means.
NOTE. In a forthcoming paper we will show that if 0 is a 1-dimensional ring 
